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Green’s Function and Receptance
for Structures Consisting of Beams and Plates

K. Kelkel*
University of Darmstadt, Darmstadt, Federal Republic of Germany

Expressions for Green’s function of the free rectangular plate and structures consisting of beams and plates
are derived by analytical and semianalytical methods to be used in a distributed element program. Thereby, the
boundary-value problem for the forced vibrations of the free plate excited harmonically by a concentrated load
at an arbitrary point is divided into three appropriate plate problems, with solutions of the Levy-type. Then,
Green’s functions for structures being more complex are gained using the substructure technique, whereby
Green’s functions of the free substructures are taken as basis. Using the superposition principle, they can be
reduced to Green’s functions for simpler boundary conditions. Green’s function for the whole structure then
yields the receptance matrices for arbitrary connecting points.

1. Introduction

NE method of deriving a linear dynamical model for a

complex system is to describe the dynamics of its sub-
systems by means of certain input-output relations, which can,
for example, be dynamic stiffness or dynamic compliance
(receptance) matrices.! The elements of the latter matrices cor-
respond to special values of Green’s function, i.e., Green’s
function yields the receptance matrices for arbitrary connect-
ing points. Subsequently, these compliances will be related to
each other in order to model the full structure.

This procedure is called the exact displacement method,
and was developed for frames in the early 1940°s by
Koulousek.? Important progress enhancing the applicability
of the exact displacement method was made in 1970 through
the algorithm of Wittrick and Williams? for the automatic
calculation of natural frequencies. In 1976, Akesson*
developed a distributed element computer program dedicated
to frame structures. Seven years later, Poelaert’ presented
ESTEC’s distributed element package DISTEL, which allows
for dynamic and response analysis of three-dimensional ar-
bitrary configurations composed of beams, rectangular mem-
branes, extensive strings, and rigid bodies with an arbitrary
number of connection points.

To extend the preceding distributed programs, the rec-
tangular plate is handled in this paper. Let us consider the
free-body diagram of the structure shown in Fig. 1, which
consists of a free rectangular plate reinforced along one edge
by a beam. We have for subsystems: the rectangular plate,
the transverse beam, and the torsion bar. Our first task is the
calculation of the corresponding Green’s functions, which
can be found in the literature for the bar and beam. Never-
theless, the calculation for the transverse beam is given here
in detail to familiarize the reader with the basic ideas of the
recent calculation of Green’s function for the free rec-
tangular plate.®
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II. Green’s Function
for the Free Transverse Beam

Green’s function G (x,{,w) for the free transverse beam
represents the vibrational amplitude W(x) of the beam ex-
cited by a unit force at x=£¢ oscillating harmonically with
frequency w. The caluclation can be simplified if we divide
the load into one symmetric and one antisymmetric part, as
shown in Fig. 2.

A. Antisymmetric Part

For the beam loaded antisymmetrically, the deflection and
the bending moment must vanish at x=0, i.e., it is sufficient
to consider the half-beam with a hinged end at x=0. Second,
we divide the problem into two ‘‘building blocks’ to
simplify the boundary conditions by exchanging dynamical
boundary conditions for geometrical ones. We can proceed
in two different ways: Either we choose the vanishing slope
or we choose vanishing deflection at x=a. Corresponding to
our choice, we must then add a second building block, a
bending moment at x=a, as done in Sec. II. B for the sym-
metric part of the load, following the middle column of Fig.
2, or a vanishing transverse force, as done in this section,
following the right column of Fig. 2. That is, the calculation
of Green’s function G’ for the free substructure is reduced to
the simpler calculation of Green’s function G* for the
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Fig. 1 Free rectangular plate reinforced by a beam.
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substructure with hinged supports
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where EI denotes the flexural stiffness, u the mass per unit
length of the beam, and u(x) the unit step function. For
(£/a) =%, the absolute value of G”(x,£,7) is shown in Fig.

3.
For the second building block, we have to solve the

boundary value problem

WE™ (x) — (—Z—)Awg (x)=0
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Therein, the last condition guarantees the disappearance of
the transverse force at the ends of the beam. Using Eq. (1),
for the antisymmetric part of Green’s function for the free
transverse beam we finally get
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Fig. 2 Separation of the Green’s function for the transverse beam
in one symmetric and one antisymmetric part; building blocks for
analyzing both parts.
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B. Symmetric Part

For the beam loaded symmetrically, the slope and the
transverse force must vanish at x=0, i.e., it is sufficient to
consider the half-beam with so-called ‘‘slip shear”” condi-
tions at x=0. For building blocks, we can now choose
Green’s function G° for the substructure with slip shear con-
ditions at the ends

a’ [_ coshy[1— (£/a)] c

X
2EIp sinhy oshn —2-

G (x8)=

x—£
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_M cosy %.1\. <smhn -2
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and the solution of the boundary-value problem
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s (@) 57 e (a.£) 6)

Here, the last condition guarantees the disappearance of the
bending moment at the ends of the beam. For the symmetric
part of Green’s function of the free transverse beam, we
then have with Eq. (5)
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and for the whole Green’s function
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Fig. 3 Absolute value of the Green’s function of a beam with
hinged supports.
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III. Green’s Function
for the Free Rectangular Plate

A rectangular plate with free boundaries has two lines of
symmetry, which correspond to the x and y axes, respec-
tively. Now, if we split up the amplitude f(x,y) of the
exciting force per unit area (see Fig. 1) in one double sym-
metric, two symmetric-antisymmetric, and one double an-
tisymmetric, which is possible for every function f(x,y), the
corresponding vibrations will have the same properties of
symmetry:

. {
A’w;(x,y) — (—Z—) Wy (%) = J; (x.0)

92 9% 4| fw?
i J R T / 9
ije(s,a), A o2 T 17N ©)

Wes (xy)= Ws (x,—y)= Wes (—x»)

We (,7) = =wg (x, =) =W, (—x,))
Wes (6,1) =Wy (X, —¥) = — Wy (—X,p)
W (6Y) = = We (X, —¥) = =Wy, (—X,)) (10
the whole deflection of the plate being

W(X,Y) =W (6,7} + We (X,7) + Wes (6,7) + Wge (x,¥) - (11)
Thereby D denotes the flexural stiffness and g the mass per
unit area of the plate. Due to symmetry, for each one of the
preceding four parts of the load, only a quarter segment of

the fully free plate need be analyzed. If we choose for f(x,y)
a concentrated load at an arbitrary point (£,p)

Sey)y=6(x—£& y—p) (12)
wherein, 6(«,x) denotes the ‘two-dimensional’’ delta

distribution, the corresponding w(x,y) marks Green’s func-
tion g/ (x,5,£,0), as shown in Fig. 4.

A. Antisymmetric-Symmetric Part
In this case, Eq. (10) gives

) F]
wx,y)=—-w(—xy), — w(xy)=——w(x,—y) (13)
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Fig. 4 Separation of the Green’s function in symmetric and an-
tisymmetric parts.
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Mw(x,y) = —Mw(—xy), V,wxy)=—-V,w(x, —y)

(14)

32 0>
m,,:—D(— -——>
o Vo5
= —D - 62+(2)82> €(x,y), n#s(5
n= an \ a2 V) og n,s€(x,y), n#s(l15)

and, therefore, also
Was(oay)EOa Mx(o:y)=mxwas(o’y)50 (16)

we have no deflection and external bending moment M, at
x=0, i.e., hinged support, and

d
— W, (x,0)=0,

5 V, (%,0)=%,w, (x,0)=0 a7

we have no slope and ‘‘effective transverse force” V, at
y=0, i.e., slip shear conditions (see Fig. 5).

Now, we have to separate the problem into three building
blocks, following Fig. 5, to reduce it to the simpler problem
of the calculation of Green’s function g° for the structure
with slip shear conditions

SOy En) = Y, 3 4F,, WS, (x) Wi, (£)Us () US (p)
m=0 n=0

(18)
o a’ 1 o a
" ADb  (m*+¢*n22(x/2)t -4 b
Wi, (x)=1, m=0
=V2 cos % T, MENNOY = (2,4,...,00)
a
=\/§sin£7ri, meN,=¢1,3,5,...,0)
2 a
a
U, (y)=w;, 57 (19)
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3
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Fig. 5 Building blocks for analyzing the antisymetric-symmetric
part of the Green’s function for the free rectangular plate.
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For the four classes of symmetry, we then have
g ED) = D3 N AF Wi () W3 (5) U5 () U3 (p)
nenN; neNj
Ljecs,a) (20)
For the second building block in Fig. 5, we have to solve
the boundary-value problem

a0\ 4
AW (xy) — <—Z—> wl (x,y)=0

)
EWifs(a,y)EO, VWY (a,y)=0

V,wi(x,b)=0, M, w(x,b)=M>(x) Q@n

y Was

and, in addition, Eqs. (16) and (17) with w¥ for w,. The
solution can be expressed in the form proposed by Levy as

wil(xp)= Y, W5 (x)UL, () 2)
meNa

when the external moment M, is developed in Fourier series
as

M?(x) =EML WS, (x) (23)
For the ‘‘beam function’’ UZ, (»), then we get an ordinary

boundary-value problem of fourth order. Its solution has the
form®

U, (») =M5 Y, () 24
/| (u,’; coshs, (y/b) u, y)
Y, =—— + tghs, —
m W)=~ [\ r sinhs;, P
N? ——1 +2 cths,t —1 ~2 ctghs 25
sm_s; Uy~ C m_SZ u,”- cighs,, ( )
b T \2 T \2
iz |[7 2 (n 5)} wi=rean(n )
(26)
- {(y/b 27
ctghs 2= 05 O70) e 0,1, =P < 1y
b —sins,, T

_ coshs,, (y/b)

S mENt =({m+1,m+2,..,0)
sinhs,;

@7

ctghs,, =ctghs, 2
b 1oy
For the third building block, we have
7 \4
AW (x,y) — (—;—) wh (x,y)=0

3
a—ng(x,b)zo, VW (x,b) =0

VwE(a,y)=0, M wh(ay)=M (y) (28)
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and, in addition, Egs. (16) and (17) with w/ for w,, with
the solution®

wh ()= Y, Wi, (x)U5(») (29)
neNs
Me(y)= Y, MAU(») (30)
neNs
W1, (x) = M2X,,, (x) @1)
X, (x) = b 1 (v,jfsinht,,+ (x/a)+ Vi oy x)
antX) =] Ne, 1 cosht} 6 Bl =,

1 1
_ 2 - _
Né = ; vy *tght, i

toh- x _ sint; (x/a)
B =7 cost;;

vy 2the} (32)

”n
, nENP==(0,1,...is— <ji+1)
o

sinh?; (x/a
=——A—), neNt*t =(n+1,n+2,...,0)
cosht;

tght; =tghto % (34)

X=a

Since the solutions of Eqgs. (22) and (29) satisfy the
homogeneous part of the differential equation (9), and Eq.
(20) satisfies the inhomogeneous equation (9) with Eq. (12),
the sum

&l (61, E.0) = WL (x,Y) + WS (x,p) + Vags (x..6,0)  (35)

will satisfy the inhomogeneous equation (9). We must,
however, constrain the Fourier coefficients in the moment
expressions (23) and (30) so that the net effect gives a zero
bending moment along the edges x=a and y=>. It is easily
seen that all other boundary conditions are satisfied.

For the contributions to the bending moment along the
edge x=a, we have

M (p) + M W (a,y) = — VI, g5 (a,y;£,0) (36)

and with Egs. (19), (20), (22-27), and (30), finally
Mot Y A, Mb =i, fi= Y ConWs (DU (p)  (37)
m m

with meN, and neN, for the antisymmetric-symmetric part
handled here. With Eqs. (18) and (20), we get for the coeffi-
cients C,,,

D 2
Com = =V~ D1m=Dm21 (2 4 y2n2) (%) F,,, m#0
a

D 2
Cro= = 25 1 (JZL) Fo (38)

and with Eqgs. (22) and (24),

E
Ay = — (= 1) Tm=Dm+n172) g __%, neN, 39)
Nsm



1486 K. KELKEL

Fig. 6 Free rectangular plate excited by four transverse forces.

D T \*4
E,, =16 — 72| vip* + (1 —v)2m*¢>n? Y F,, (40)
a

The contributions to the bending moment along the edge
y=>b are

M, whi (x,0) + MP (x) = — Y49, g5 (X, b;£.p) 41

or with Egs. (19), (20), (23), and (29-34),
Y B M+ My =1, fo= YD Wi (E)Us(0)  (42)
n n

(meN,, neN, here). Herein, the coefficients are

D 2
D,y = —VE(~ 1)l (r=0n72 (um2+¢2n2)(%> Fopny n#0

@
D 7 \2
Dmo = -V ? m2 (T) Fmo (43)
- b E,,
an____(_l)[[(n 1)n+m+1]/2}7N—zn’ mEN,l (44)

B. Double Symmetric Part

Here we have from Eq. (10) slip shear conditions at x=0
and y=0, i.e.,

a

E WSS(O)y)EO’ VXWSS(O,_)})EO (45)
a3

e (50=0, VW (5,0=0 (46)

ay

The further calculation is similar to that in Sec. III A. For
results different from the preceding, we have

wE(oy) = Y, WL (x) U5 () (47)

neNg

Wi, (x) = M3 X, (x)

b 1 (v,,*cosht,,+ (x/a) vy

. +
D N, ¢t sinhef ty

n

X, (x) = — ctghts %) 48)

1
Nﬂ_

sn

1
v}? cthr) —
ty" n 6

v, % ctghe; (49)

ATAA JOURNAL

where ctght,; (x/a) is defined as in Eq. (27), s, m, y/b, and «
being substituted by ¢, n, x/a, and b. The final result is

Mo+ Y ApME, =Us(p) Y, ConWii(£), neN, (50)

meNg meNg

Y B,.Me+ M, =W (£) Y, D, Us (o), meN, (51)

neNg neNg

with C,,,, A,.., and D,, from Egs. (38), (39), and (43), and
with Egs. (47-49),

anz_(_l)u(n—lmml/zxi £'1"_ meN,  (52)

a
a sn

C. Double Antisymmetric Part

Therefore, the quarter-plate has hinged support at x=0
and y=0. For results different from Sec. III A, we now have

wi (63) = Y, Wa, () UL, (») (53)

meN,

Vb () =M5, Y 1 (¥)

Yam (J’) =

2 + sinhs* (y/b —
a* 1 [um sinhs,; (¥ )+ u,_,, tghs; _y_]
D N, s, coshs} S b

(59

b 1 -2 - !
Nam:—_ Up, tghsm T F
Sm m

u}? ths; (55)

wherein tghs,, (y/b) is defined as in Eq. (34), ¢, n, x/a, and
b being substituted by s, m, y/b, and a. Again, we have the
final result of Egs. (37) and (42), with m, neN,, B,,, from
Eq. (44), and

a E
A, =—(=Dilim=—Dmins1}2y___ M1 pen (56)
m b N, ‘

For the symmetric-antisymmetric part, in Eqgs. (37) and
42) A,, and B, must be taken from Egs. (56) and (52),
with meN; and meN,,.

D. Explicit Form of Green’s Function

For every class of symmetry, we have developed a set of
2k inhomogeneous algebraic equations relating the 2k mo-
ment coefficients M2 and M?,. The set*of equations can best
be handled by matrix techniques. In practical applications,
the number k of terms to be considered in Eqgs. (23) and (30)
does of course depend on the frequency range and on the
desired precision. The structure of the coefficient matrix
used in the analysis of the forced vibration of the free rec-
tangular plate where meN,, n€éN; is given as follows:

(10 0 Ay Ay Ay [ M fi
0 1 0 Ay Ay Ay || Mg £
0 0 1 Ay Ay Ag || M i
B, B, By, 1 0 0 M} - it
By By By O 1 0 M} b
| Bo Bn Bw 0 0 1 ||m] |s)
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with the matrices
A=(A,,), M'=(M}), f=U%
B=(B,,), M°’=(M), f° =) (57
Eqgs. (31) and (37) lead to
M+ AMP =f°, BM* +M"=f° (58)
and with the unit matrix 7 to
M= (I—AB) " 'f*—A(I-BA)"'f?

Mt=—BU—-AB)"'ff+ (I—-BA)~'f (59)

Inserted in Egs. (24), (31), (48), and (54), we have for the
four parts of Green’s function of the free rectangular plate

gyt =Y, Y [anWin(x)Wm(E)Ui(y)Ui(p)

meN; nij

+ W (X)), (y)<—(B(I—AB)‘1)ani(p) Y CuWy(8)

PEN;

+ ) ((I—BA)-‘)mpW;(s)D,mU;(p)>

PEN;

+ X () Uy, (y)< Y (T=AB)~),,Us (p)Cpp Wi (£)

pENj

—(A(I-BA) 1Y), W5, (£) Y, Dm,,U;,<p)>]

pENj

Ljecs,a) (60)

E. Receptance Matrices

We consider a free plate excited at four arbitrary points
P (x,y) by the forces Fy, k=1-4, oscillating harmoni-
cally with the frequency w and the amplitudes f, (see Fig. 6).
Then, the elements of the corresponding receptance matrix
are defined as

w(xeyi) =Hly fy (61)

With Egs. (11), (12), and (60), from Egq. (61), we have

X, X,

H{d =Hf (7/()%)71[—7%,7—’) zgf(xk’yk’xl’yl) (62)
The elements H,, define driving-point receptances; deflec-
tion and force are measured at the same point. For x,=0.7a
and y,=0.8b, Hf, is given in Fig. 7 as a function of 4. The
graph is monotonously increasing, which is a general prop-
erty of the driving-point receptances.” The elements H,,,
k#1, can be identified as transfer receptances; deflection and
force are measured at different points. For x,= —x,
=—0.7a, y,=—y, = —0.8b, H|,(y) is given in Fig. 8.

IV. Green’s Function for the Free
Rectangular Plate Reinforced by a Beam

Using the methods of the substructure technique for con-
tinuous systems, we divide the structure into two substruc-
tures, following Fig. 1.

First, let us consider the beam loaded by a transverse force
per unit length —p(x) and a torque per unit length m(x).
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Fig. 8 Transfer receptance H{l over the frequency #*.
For its deflection, with Eq. (8), we get®

we=-{" emppe (®3)
and for its torsion,

60 =|" Glxeymieae (64)

with Green’s function for the free torsion bar

G{(x,£)=Ga [Cosn’[l—(gm)] cosn7(1+%>

1., sin2y,
+siny, x;E u(x—E)]
1, =awNp/G (65)

wherein p denotes the density and GI, the torsional stiffness.

For the deflection of the second substructure, the rec-
tangular plate loaded by a transverse force per unit area
f(x,y), a transverse force per unit length p(x) and a torque
—m(x) at the line y=b, we have? with Egs. (11), (12), and
(60,
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Fig. 9 Symmetric-symmetric modes for the cross-stiffened clamped
plate.

a b
ween ={ |7 & ot Uiee) +p(0)8(0-b)
+m(£)8(o—b)1dEdo
a 3
= S_a [gf(x,y,é,b)p(é) ~ g (xy.6bym(§)
b
[0 g neorends (66)

and for the geometrical transfer conditions at the coupling
line y=»b,

{W(X)} B Su {Gf(x,é) 0 } { p(§) }d
$(x) e 0 Gl (x.£) -m(&)
(N ——

7 Hj (%.8) Q(&)
w(x,b)
= d
EW(X’b)
2 (x,b,£,p)
“ b
_ 5 S(&p)dp
Sﬁa Sfb a_gf(x,b,é,p)
y
N/
&(xEp)

a
gf(x’b:gxb) a_pgf(xxb)gxb)

{ p(&) }
+ X
32 —m(g)

0
Tg/(x:b)gyb) gf(x)bxgxb)
Y

aydp

N~/
Hj (x%,£) (67)
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From Eq. (67), we get an implicit equation for Q:
S_a [H) (x,£) + Hp (x,£)1Q(£)dE

a b
:-S S—b gf(x)g)p)f(gxp)dsdp (68)

—a

Now, we develop Q(£) in Fourier series [compare Eq. (23)]
as

k—1
Q(E)= Y, Q. W5, (%) (69)
m=0

and integrate Eq. (68) multiplied by W} (x), ¢=0,1,...,k—1,
over x as

k-1 a a
Y e s eow cow, et e,
m=0

H{’B,qm

-7 [Sa_agf(x,s,p)wz (x)dx]ﬂs,p)dsdp

N/
£ (£.0)
g=0,1,2,..k—1 (70)
With
gf:(g.é)’ H%B:(Hé’B,qm)a Qz(Qm) (71)
we have
a b
o=-|" | )¢ @oriends ()
and with
gxreb) 1T p®
.l .
- Tgf(xxy’g’b) _m(g)
'y
N/
g (xy.8)
k—1 a T
- Y[ ernom o],
m=0 a !
\-Al\/
g (x.9) 73
finally, from Eq. (66)
a b
woen =" 7 sreorenaan a9

with Green’s function for the structure (plate reinforced by
beam),

g5 =8 (x3,E0) —&" (x,y) (Hhz) "¢/ (£,0)  (75)
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Table 1 Dimensionless natural circular frequencies
A? for a stiffened square plate
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Table 2 Dimensionless natural circular frequencies
A2 for cross-stiffened square plates

Simply supported Clamped Cross stiffened

Stiffener Present Present Stiffener Non- Present
arrangement study Ref. 10 study Ref. 10 arrangement stiffened study Ref. 11
CJ 19.76 35.98 Simply A2, 19.76 46.72 46.04
= 41.12 41.41 56.82 82.39 supported Noat 49.39 90.64 87.68
B 53.63 54.10 67.06 117.13 Noat 79.02 87.38 86.87
Clamped A 35.98 62.74 97.97
A 73.40 120.30 117.03
V. Numerical Results N 108.20 118.20 113.32
and Comparisons with Other Methods N2 131.92 164.20 156.05

A comparison of the exact displacement method, the
finite-element method, and the lumped mass method con-
cerning the free vibrations of space frames is given by Hen-
shell and Warburton.® They found by numerical experiment
that the appropriate choice of method depends upon the
number of independent displacements of the structure and
the capacity of the computer employed. For a truss structure
Poeclaert® shows that the finite-element approach results in a
relative error of 4% on the frequency and up to 100% on the
participation vector compared with the exact method for the
same number of independent displacements. The latter error
is summed in a repetitive structure.

In contrast to the beam, a closed form cannot be for-
mulated for Green’s function of the rectangular plate. For
practical purposes, the infinite series in Eq. (60) must be
truncated, i.e., the accuracy of the method depends on the
number of terms used in the expansion. To compare with
available results of the finite-element and finite-difference
methods, the case of the simply supported plate is considered
for numerical application. Therefore, we have [compare
Egs. (18) and (19)]

SOGEYP) = 3 3 AF Wh )W (E) UL () U (p)
m=1 n=1
X

m
W (x) =V2 cos -5 T meN,
a

. m X
=vV2 sin - T meN\ {0} (76)

For EI/2aD=10, pu/2ap=0.1, GI;/2aD=0, and a=>b, the
frequency parameter

)\gsl = (Za)zgssl v I_’L/D (n

for the first symmetric-symmetric mode ({2, denotes the cor-
responding natural circular frequency) for both simply sup-
ported and clamped plates stiffened with various numbers of
beams is given in Table 1. The clamped plate was modeled
by the simply supported plate with four stiffeners resistant to
torsion along the edges. Ten terms were taken into con-
sideration in Eq. (76). The comparison with the results of
Shastry and Rao,'® who used 18 high precision plate bending
elements for the quarter-plate, shows good agreement for
simple support but considerable differences for the clamped
plate.

For El/2aD=6, u/2ap=0.05, GI/2aD=0.3, and a=b,
the frequency parameters N, A%, A, , and A%, for the
cross-stiffened plate are given in Table 2. Comparison with
the results of Aksu,!! who used the finite-difference tech-
nique, shows good agreement except the first symmetric-
symmetric mode for the clamped plate. The values of Aksu
are lower; but his results assume that a smaller step width
would lift the values. In addition the values for the non-
stiffened plate are given (see also Gorman'?). The cor-

responding first two symmetric-symmetric modes for the
cross-stiffened clamped plate are shown in Fig. 9.

VI. Concluding Remarks

It has been shown how to handle one- and two-
dimensional continuous systems for elements of a dynamical
structure. The starting point for substructure technique is
Green’s function of the continuous system with free edges,
which for the beam is given in closed form, for the circular
plate as a single,® and for the rectangular plate as a triple
Fourier series.

In addition to the coupling of a plate and a beam handled
here, the coupling of two or more plates forming for exam-
ple, a transmission housing, would be of great interest.
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